Abstract: In this paper, examples of type II Sarkisov links between smooth complex projective Fano threefolds with Picard number one are provided. To show examples of these links, we study smooth weak Fano threefolds X with Picard number two and with a divisorial extremal ray. We assume that the pluri-anticanonical morphism of X contracts only a finite number of curves. The numerical classification of these particular smooth weak Fano threefolds is completed and the geometric existence of some numerical cases is proven.
Introduction
The motivation for this paper starts from the last line in the second paragraph on page 2 of [11] : "However, due to the complexity of the problem…we shall not consider the case that both contractions are birational, and hope to come back to that case later." The authors seemed to have abandoned this project and this paper is our attempt to continue what they started. In this paper, we finish the numerical classification of weak Fano threefolds X with Picard number, denoted ρ(X ), equal to two and comment on the existence of these cases. However, the geometric realization for several of these numerical cases still remains open.
Recall that a smooth threefold X is Fano if its anti-canonical divisor −K X is ample. A variety X is said to be a weak Fano or an almost Fano threefold if its anticanonical divisor −K X is both nef and big, but not necessarily ample. The classification of smooth Fano threefolds was completed by Fano, Iskovskih, Shokurov, Mori and Mukai. For smooth Fano threefolds Y with ρ(Y ) = 2, there are 36 families [8] . Although much progress has been made, the complete classification of smooth weak Fano threefolds X with ρ(X ) = 2 is still open. In comparison, there are already over one hundred known possible families of smooth weak Fano threefolds, with about a hundred cases still open. In [10] , complete classification was achieved when the anti-canonical morphism ψ |− K X | : X → X contracts a divisor. In [11, 21] , the case when the anticanonical morphism ψ |− K X | : X → X contracts only a finite number of curves was studied (i.e., when ψ |− K X | is small).
The finite list of all possible smooth weak Fano threefolds with Picard number two that can numerically exist was determined for all combinations of Mori extremal contractions that can appear in a Sarkisov link except for the case when both contractions are divisorial. In [11] , the authors find the numerical classification and geometrically construct many cases when the Mori extremal contractions are not both birational. It should be noted that their classification is incomplete. In particular, the Bordiga threefold of degree 6 in P 5 (see e.g., [15] ) is known to have a structure of a P 1 -bundle but does not appear in the [11] classification. Takeuchi [21] completes the classification assuming one extremal contraction is a del Pezzo fibration of degree not equal to six. Many cases with degree equal to six are still open and can be found in [11] . Our paper completes the numerical classification of smooth weak Fano threefolds X with ρ(X ) = 2 where both extremal contractions occurring in a Sarkisov link are divisorial. In addition, we comment on the existence of these cases, providing specific constructions for existence or proving non-existence. Like with the previous authors, the geometric realization of some of our new cases remains open. Like the previous authors, we hope to return to these cases later.
The main theorem of this paper is the following: Theorem 1.1. Tables 1-9 in Section 5.
A smooth weak Fano threefold occurring as a central object of a Sarkisov link of type II between two terminal Fano threefolds with Picard number one must appear on our tables with the corresponding numerical invariants. These can all be found in

Remark 1.2.
If both extremal morphisms contract a divisor to a curve, at present time there are 111 numerical links with 59 links proven to exist and 14 proven to not exist. These can be found in Tables 1-3 . If both extremal morphisms contract a divisor to a point, there are six numerical links with three previously known to exist and one known not to exist. These can be found in Tables 7-9 . If one extremal morphism contracts a divisor to a curve and the other extremal morphism contracts a divisor to a point, there are only 12 possible cases, all proven to geometrically exist. These can be found in Tables 4-6.
Notation and assumptions
We will use similar notation as that of [11] . Throughout this paper, we study complex projective threefolds X satisfying the following assumptions:
(i) X is smooth;
(ii) −K X is nef and big (i.e., X is a weak Fano variety); (iii) X has finitely many K X -trivial curves (i.e., −K X is big in codimension one); (iv) ρ(X ) = 2; (v) the linear system |−K X | is basepoint free; (vi) the weak Fano index X of X is one (i.e., −K X can not be written as H with > 1).
These varieties appear as smooth central objects of Sarkisov links between terminal Fano varieties with Picard number one. Conditions (i)-(iv) define smooth centers and conditions (v) and (vi) are special for our situation. Smooth centers not satisfying conditions (v) and (vi) have already been classified. Classifying these links is a step toward classifying all birational maps between terminal Fano varieties with Picard number one.
Assumptions (ii) and (iv) imply that X has two extremal contractions: a K X -negative contraction φ and a K X -trivial contraction ψ. Assumptions (iii) and (v) imply that ψ is a small nontrivial birational contraction induced by the linear system |−K X | (the anticanonical contraction). By [14] , ψ induces a flop χ, and we obtain the following diagram:
In the above diagram, χ is a flop which is an isomorphism outside of the exceptional locus Exc ψ and X + satisfies conditions (i)-(vi). The morphism φ + is a K X + -negative extremal contraction and ψ + is the anticanonical morphism. The variety X is a terminal Gorenstein Fano threefold with Picard number one, but is not Q-factorial since ψ is small. Note that, in contrast to Fano varieties with Picard number two, we must perform a flop before obtaining a second extremal contraction. The diagram represents a Sarkisov link of type II between the Mori fibrations Y /Spec C and Y + /Spec C.
History
Jahnke, Peternell, and Radloff [10] considered the case when the anticanonical contraction ψ is divisorial. These cases do not result in Sarkisov links and thus we make assumption (iii).
We are mainly interested in the cases where the extremal contractions on both sides of the diagram are divisorial. The classification of these extremal rays was completed by Mori.
Theorem 1.3 (Mori, 1982).
Let X be a smooth three dimensional projective variety. Let , and E (E)
, and E (E) • dim Y = 1. Then φ : X → Y has a del Pezzo structure, of which there are three types.
• dim Y = 0. Then X is Fano.
See [8] 
We can further assume that −K X is generated by global sections (assumption (v)). The case when −K X is not generated by global sections is the case when X is a deformation of the Fano threefold V 2 , a double cover of P 3 ramified along a smooth quartic. This is proved in [11, Proposition 2.5].
If −K X is divisible in Pic(X ), then −K X = X H for some H ∈ Pic(X ), where X is called the index of X . The divisor H is called the fundamental divisor and the linear system |H| is the fundamental system on X . The self-intersection number H 3 is the degree of X . Since we are assuming X to be smooth (and in particular Gorenstein), we remark that the index is a positive integer. By using the smoothing of X , [18] has shown that X ≤ 4, with equality when X = P 3 . In addition, [18] showed that when X = 3, X ⊂ P 4 is the quadric. In both cases, X ∼ = X + . For X = 3, both φ and φ + are P 2 -bundles over P 1 . See [11, Proposition 2.12] for more details.
The case X = 2 was treated in [9] . Both φ and φ + are either E2-contractions, P 1 -bundles or quadric bundles. The complete list for the case when ρ(X ) = 2 and ψ small is given in [11, Theorem 2.13 ]. Thus we can assume that X = 1, which is assumption (vi) above.
Lastly, we note the result [8, Remark 4.1.10] concerning the case when X is hyperelliptic (that is, the anticanonical map |−K X | is generically a double cover). If the anticanonical morphism is a double cover of a Q-factorial threefold, then the flop χ is the birational automorphism of X induced by |−K X | (see e.g. [11, Lemma 2.8] ). In particular, X is isomorphic to X + and φ and φ + have the same type. This holds, for example, when −K 3 X = 2, since |−K X | is a double cover of P 3 .
E1-E1 case
Equations and bounds
Let us consider first the case that both extremal contractions φ and φ + are of type E1. Then Y is a smooth Fano variety with Picard number one, and φ is the blow-up of a curve C ⊂ Y . Let and denote the genus and degree of C respectively and let E denote the exceptional divisor φ −1 (C ). Denote by H a fundamental divisor in Y . The pullback of H to X will also be denoted by H. Since Pic(Y ) is generated by H, Pic(X ) ∼ = Z ⊕ Z is generated by H and E. We will instead use the divisors −K X and E, which do not generate Pic(X ) unless the Fano index of Y is one. However, they do generate Pic(X ) ⊗ Q, the Picard group of X with coefficients in Q.
The strict transform of a divisor D ∈ Pic(X ) across the flop χ is denoted by D. Since χ is small, K X = K X + . We identify divisors in X and X + via χ and thus have an isomorphism between the Picard groups of X and X + . In particular, for any D ∈ Pic(X ), χ (−K Y ) − E = H − E, the denominators of the rational coefficients of the expression of a divisor in terms of −K X and E will divide .
Similarly we define C + + + E + + and H + . We write
for some nonzero rational numbers α and β such that α β ∈ Z. Similarly, we let
for some nonzero rational numbers α + and β + such that + α + + β + ∈ Z.
By equating E and E, as well as E + and E + , and then comparing coefficients, we obtain the following relations:
The goal for the numerical classification of these cases is to find solutions to the Diophantine equations that result from comparing intersection numbers on both sides of the flop. Intersection with −K X is preserved, so we can create these equations by using the following well-known formulas (see e.g. [8] ). Here and + are the Fano indices of Y and Y + respectively. (Recall that the weak Fano index of both X and X + is assumed to be one.)
All these formulas and variables can be written inside of X + with the "+" sign written accordingly. For example,
Since the flop χ is a small transformation, it induces an isomorphism Pic(X ) ∼ = Pic(X + ). In the following lemma, we enumerate cases where this isomorphism preserves intersection numbers.
Lemma 2.1.
For any divisors D and D on X : Proof. Since −K X is assumed to be basepoint free, a general anticanonical divisor is disjoint from any of the finitely many flopping curves on X . In fact, the anticanonical divisors on X are pullbacks of anticanonical divisors on X , where the flopping curves are contracted to finitely many points. The theorem then follows from the projection formula.
Since intersection with −K X is preserved under the flop by the previous lemma, we have that
These relations give us our Diophantine equations whose solutions give all possible numerical examples of the smooth weak Fano threefolds we are interested in. From (2) and (3), we can rewrite this as follows:
In order to run a computer program to find solutions for these equations, we have to prove effective bounds for all variables involved. We continue to follow the ideas in [11] . Since −K X E is still nef and big, we have that 
The same bounds of course hold for (−K Y + ) 3 . Next we bound both and (and apply the same argument to bound + and + ). From 22 
Taking orders of both sides yields
and thus β + = − / + as desired. From (4), it then follows that β = − + / . Now that both α + , and then by (4) α, are completely determined by replacing (3) into the formula for σ : 3 . We include the following two formulas for completeness:
All our variables are now bounded or completely determined via an explicit formula. With our equations finalized, we are ready to run a computer program to find all the possible numerical values. Programs were written in both Visual Basic and C++ to verify the results. The Visual Basic source code can be found on the author's website. Here we summarize our bounds on the variables used in the program.
Variables and bounds:
From these variables, the following are then determined:
Equations that any weak Fano threefold with our assumptions must satisfy (6) are
Numerical checks
Although the program can be run at this point, there are still numerical checks that can be added to the program to eliminate some possible solutions. Some simple numerical checks to include in the program have been previously mentioned, such as (4) and σ σ + > 0. From the classification of smooth Fano threefolds Y with ρ(Y ) = 1, we also have to check that both (−K Y ) 3 (−K Y + ) 3 are even and that both these numbers satisfy the bounds from (7). In addition, since a smooth Fano threefold of Picard number one and degree 20 is known to not exist (see e.g., [8] Another obvious check to include in the program is that 3 divides (−K Y ) 3 and that ( + ) 3 divides (−K Y + ) 3 . Using the formulas in (8) and (9), we also need to make sure both E 3 and ( E + ) 3 ∈ Z. Define the defect of the flop to be
Then we have the following two lemmas, which add two more checks to our growing list.
Lemma 2.3 ([19]).
The correction term in (10) is a strictly positive integer.
For a simpler proof of this lemma than that of [19] , see the proof in [12, Lemma 3.1].
The integer is not widely understood and is related to the number of flopping curves. 
Lemma 2.4.
The integer 3 divides .
Proof. Starting from the equality
Taking the difference of cubes in the formula for and using the facts that −K 3 X = −K 3 X + and that intersection with K X is preserved under a flop, Lemma 2.1, we get the desired result. 3 , where the sum is taken over the finitely many flopping curves Γ ⊂ X .
Lemma 2.5.
If χ is an Atiyah flop, then
Proof. We will prove the lemma in the case of a simple Atiyah flop. The general case is similar. The flop χ is resolved by blowing up the flopping curve Γ ⊂ X and contracting the resulting exceptional divisor
An easy check verifies that
= − , and D 3 = 2. Thus = 3 as desired.
is not divisible, we have the following.
Proposition 2.6.
Using all notation as above, we have the following numerical checks:
Since we are assuming X is smooth, we can use the results of Batyrev [2] which state that Hodge numbers are preserved under a flop. The only interesting Hodge number in our situation is 1 2 (X ). For smooth Fano threefolds Y with ρ(Y ) = 1, all these numbers are known [8] . In the E1 case, since we are blowing up a smooth curve of genus , it can be shown [5] that 1 2 (X ) = 1 2 (Y ) + . Thus checking to see if 1 2 (X ) = 1 2 (X + ) is equivalent to checking the following equality, valid in the E1-E1 case:
Using these checks to eliminate some possible cases from the output of the computer program yields Table 1 in the tables section of this paper.
Elimination of cases
In this section, we will eliminate some of the numerical cases listed in Table 1 .
Proposition 2.7.
The following E1-E1 numerical cases in Table 1 
Since E + is the strict transform of an exceptional divisor, E + must be the unique member of the linear system | E + |.
and since dim |H| > 0, the linear system |H − E| must be empty. We will show that this is in fact not the case.
To show that |H − E| = ∅, it is equivalent to show that 0 (X H − E) > 0. Since we are in the E1 case, this is in turn equivalent to showing that 0 (Y H − C ) > 0, where C is the smooth curve of genus 0 and degree 1 being blown up.
, which is what we will show. Here C is the ideal sheaf of the curve C .
Start with the short exact sequence 0 → C → Y → C → 0. Twist by H to get the short exact sequence
The corresponding long exact sequence of cohomology then gives us the exact sequence
To compute the dimensions of each of the vector spaces, we will use the Riemann-Roch formula. From the well-known formula for smooth (weak) Fano threefolds, we have 0 ( H) = ( + )( + 2 ) 12
Plugging in our values of = 1, = 2 and
To compute H 0 (Y C (H)) we will restrict to the curve C and compute H 0 (C C (H)) using the Riemann-Roch theorem for nonsingular curves. We then have
Notice here that 1 (C C (H)) vanishes from the Serre Duality, as the degree 
Proof. By classification, Y is embedded in P 6
via |−K Y | and is the complete intersection of three quadrics. The curve C is of genus 1 and degree 3, but no such plane curve exists in an intersection of quadrics. Thus the case does not exist.
Geometric realization of cases
In this section, we discuss the geometric existence of some cases found in Table 1 .
Remark 2.9.
Some of the cases listed in Table 1 were previously shown to exist as weak Fano varieties by Takeuchi. In other instances, the methods used by Iskovskikh and other to show the existence of the smooth Fano threefold with the given numerical invariants directly apply. These cases are mentioned with their appropriate references in the corresponding tables. In addition, some cases were recently shown to exist by Blanc and Lamy [3] Proof. We proceed case by case.
Case No. 29: Let C be a curve of genus 0 and degree 5 inside of Y 3 ⊂ P 4 , a smooth cubic. By [13] , C is contained in a smooth K3-surface S, with Pic(S) = ZH ⊕ ZC . By considering the short exact sequence of quadrics containing C , we see that the dimension of the linear system on S of |2H − C | is at least two. Writing |2H − C | = F + M as the sum of the fixed and movable components, we see that dim |M| ≥ 2 and by [13] , deg M ≤ 7. The linear system |M| is not a pencil, since if it were, 2H − C = F + 2E, where F is a line and E is an elliptic curve. There would then be three contractions on S of C F E, contradicting the fact that ρ(S) = 2. By Bertini's theorem, we can choose a smooth curve C in |M|. By classification and by [13] , our choices for the degree and genus of C are then ( ) ∈ {(4 6) (2 6) (2 5)}. After squaring both sides, the equation
, we have then that 0 ≥ F C = 3 − C . Positivity follows from the fact that C is nef. Using this inequality, we can now eliminate the case ( ) = (4 6). For the remaining two cases, write F = H + C . When the degree of C = 6, F is a line with F 2 = −2. When the degree of C is 5, F is a smooth irreducible conic and
Computing F · C F · C and F · H in these remaining cases allows us to solve for and and we see that both and are not integers as required.
Thus M has degree 7 and F is empty. The linear system |2H − C | on the K3-surface S is then basepoint free by [17] and blowing up C gives the smooth weak Fano threefold that is Case No. 29. By classification, the blow-up X of 6 C 9 is not Fano and since (X P 3 6 C 9 ) does not appear on any of the lists of [10] or [11] , Case No. 29 exists. Case No. 33: Let C be a curve of genus 2 and degree 6 in Y 3 ⊂ P 4 , a smooth cubic. By [13] , we can pick a smooth K3-surface S containing C in Y 3 such that Pic(S) = ZH ⊕ ZC . In particular, the degree of any curve on S must be even. Computing the dimension of the vector space of global sections, we see that dim |2H − C | ≥ 2. Writing |2H − C | = F +M as the sum of the fixed and movable components, we see that dim |M| ≥ 2 and by [13] , deg M ≤ 6. The linear system |M| is not a pencil since the degree of the pencil would have to be at least 9. Thus by Bertini's theorem, |M| contains a smooth irreducible curve C . Again by [13] and the condition imposed on the degree of any curves in S by our choice of generators of Pic(S), the degree of C must be 8 with genus 3. Thus the fixed component F of the linear system is empty and thus basepoint free by [17] . Blowing up C then gives a smooth weak Fano threefold X with the numerical invariants of our Case No. 33. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] , Case No. 33 exists. Case No. 49: Here Y = P 3 and C ⊂ P 3 is a curve of genus 2 and degree 8. Using short exact sequences, we can find that 0 (P 3 C (4)) ≥ 4 and thus C is contained in a smooth quartic K3-surface S. By [13] , we can write Pic(S) = ZH ⊕ ZC .
In particular, the degree of every curve on S must be divisible by 4. Since 0 (P 3
Decompose |4H − C | = F + M, where F is the fixed part and M is the movable part. Then dim |M| ≥ 2 and by [13] deg M ≤ 8. The linear system |M| is not a pencil since (4H − C ) 2 > 0. If the degree of M = 8, by Bertini's theorem, we get another curve C of genus 3 and degree 4. Any other possible combination of genus and degree were eliminated by our choice of generators for Pic(S). Since C is a hyperplane section, C is very ample. Then writing C = H, we have 4H − C = F + C , where F is an irreducible rational curve of degree 4. Dotting this equation with F gives F C = 0, a contradiction. Thus M has degree 8 and F is empty. The linear system |4H − C | is then basepoint free by [17] and blowing up the genus 2 degree 8 curve C gives a smooth weak Fano threefold X , which is our Case No. 49. By classification, X is not Fano and does not appear on any of the lists of [10] Consider a curve C of genus 2 and degree 6 inside a smooth K3-surface Q of degree 4 in P 3 [13] . By classification, C is not contained in a quadric, so |2H − C | = ∅. Using short exact sequences, we see that 0 (Q I C (4)) ≥ 3 and thus C is contained in a cubic surface. Decompose |3H − C | = F + M into its fixed and movable components, with deg M ≤ 6 and dim |M| ≥ 2. If |M| were a pencil, deg |M| = 6 and F = ∅. Thus |3H − C | is basepoint free and therefore so is |4H − C |. Else by Bertini's theorem, we get another curve C ∈ |M| of degree ≤ 6 and genus C ≥ 2. By [13] , C lies on a K3-surface and we only have to consider the following two cases: ( C ) = (2 5) or (3 4). In the first case (2 5), denote the fixed rational curve F by L. Since C is contained in a smooth quadric, 2H = C + L . Therefore
which is a contradiction. For the second case of (3 4), since C is contained in a plane, M = H and so 3H − C = F + H. Then 2H − C = F , contradicting the fact that C is contained in a quadric. Therefore = 6 and F is empty. So |3H − C | is basepoint free and C exists. Since |4H − C | ⊃ |3H − C |, |4H − C | is basepoint free. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] , and thus Case No. 51 exists. It can be shown that the blow up of the original curve C with = 2 and = 6 gives rise to a weak Fano X with −K 3 X = 18, appearing on [11, [13] . Note that since ≥ 2 + 1, C is projectively normal. Using this fact and short exact sequences, we see that dim |4H − C | = 14. Since C = |4H − C |, the degree of C is 11. Write |4H − C | as M + F , the sum of its movable and fixed components. Then dim |M| = 14. |M| is not a pencil since if it were, its degree would be greater than 42, contradicting the fact that it has degree 11. So by Bertini's theorem, we can then find a smooth irreducible curve which we will again denote by M. If the fixed part F exists, deg M ≤ 10. But by [13] , no curve of genus 14 and degree less than 10 can exit on a K3-surface. Thus C = M and F = ∅. The linear system |4H − C | is then basepoint free by [17] and blowing up the genus 14 degree 11 curve C gives a smooth weak Fano threefold X , which is our Case No. 52. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] , and thus Case No. 52 exists. It can be shown that by blowing up the other curve C of genus 2 and degree 5 gives the smooth Fano threefold No. 19 in [8] . Case No. 75: Let C ⊂ P 3 be a smooth curve of genus 3 and degree 8. By [13] , C lies on a smooth quartic K3-surface S with Pic(S) = ZH ⊕ ZC . In particular, the degree of any curve on C must be divisible by 4. Using short exact sequences, we can show that dim |4H − C | ≥ 3. Write |4H − C | = M + F as the sum of its fixed and movable components. Then dim |M| ≥ 3 and deg |M| ≤ 8. The linear system |M| is not a pencil since the degree of the pencil would have to be at least 9. Thus by Bertini's theorem, |M| contains a smooth irreducible curve C . By [13] and the conditions imposed on the degree of curves in S by our choice of generators of Pic(S), C must have degree 8 with genus 3. Thus the fixed component F is empty and |4H − C | is basepoint free. Blowing up C then gives a smooth weak Fano threefold X , which is our Case No. 75. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] be a smooth curve of genus 4 and degree 8. By [13] , C lies on a smooth quartic K3-surface S with Pic(S) = ZH ⊕ ZC . In particular, the degree of any curve on C must be divisible by 4. Using short exact sequences, we can show that dim |4H − C | ≥ 4. Write |4H − C | = M + F as the sum of its fixed and movable components. Then dim |M| ≥ 4 and deg |M| ≤ 8. The linear system |M| is not a pencil since the degree of the pencil would have to be at least 12. Thus by Bertini's theorem, |M| contains a smooth irreducible curve C . By [13] and the conditions imposed on the degree of curves in S by our choice of generators of Pic(S), C must have degree 8 with genus 3. Thus the fixed component F is empty and |4H − C | is basepoint free. Blowing up C then gives a smooth weak Fano threefold X , which is our Case No. 89. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] , and thus Case No. 89 exists. Case No. 90: Let C ⊂ P 3 be a curve of genus 0 and degree 7. By [13] , C lies on a smooth quartic K3-surface S with ρ(S) = 2. Using short exact sequences, we can show that dim |4H − C | ≥ 4. Write |4H − C | = M + F as the sum of its fixed and movable components. Then dim |M| ≥ 4 and deg |M| ≤ 9. The linear system |M| is not a pencil since the degree of the pencil would have to be at least 12. Thus by Bertini's theorem, |M| contains a smooth irreducible curve C . Since ρ(S) = 2 and C is rational, F must be irreducible. Otherwise, each component of F could be contracted separately, giving ρ(S) > 2. Then F 2 = −2, and squaring both sides of 4H − C = F + C gives that F · C = 5 − C .
Since C is nef, C ≤ 5. From the classification of space curves, the only possible choices for genus and degree of C are ( ) ∈ {(4 6) (4 7) (4 8) (5 7) (5 8)}. If the degree of C = 8, the F is a line, the dimension of the linear system of hyperplanes containing F is one, and the degree of H − F = 3. Thus the residual curve E = H − F is a cubic and the linear system is a pencil contracting that cubic. Since there are then three possible curves that can be contracted, E C F , this contradicts ρ(S) = 2. If the degree of C = 7, then F is an irreducible rational conic contained in a hyperplane. Then dim |H − F | = 0 and the degree H − F = 2. The residual conic C = H − F can not be irreducible, else ρ(S) = 2, so H must equal 2F . Squaring both sides then gives H 2 = −8, a contradiction. Lastly, if deg C = 6, then F is an irreducible rational cubic curve. By counting dimensions, C must be contained in at least one quadric surface.
This |2H − C | would be an irreducible rational conic, contradicting the fact that ρ(S) = 2. Therefore the degree of C must be 9 and the fixed component F of |4H − C | is empty. By [17] , the system is basepoint free. Blowing up C the gives a smooth weak Fano threefold X , which is our Case No. 90. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] , and thus Case No. 90 exists. Case No. 98: Let C ⊂ P 3 be a curve of genus 1 and degree 7. By [13] , C lies on a smooth quartic K3-surface S with ρ(S) = 2. Using short exact sequences, we can show that dim |4H − C | ≥ 4. Write |4H − C | = M + F as the sum of its fixed and movable components. Then dim |M| ≥ 5 and deg |M| ≤ 9. The linear system |M| is not a pencil since the degree of the pencil would have to be at least 15. Thus by Bertini's theorem, |M| contains a smooth irreducible curve C . By classification and [13] , the only possible choices for genus and degree of C are ( ) ∈ {(5 8) (6 8) (6 7)}. If deg C = 8, then deg F = 1, with H − F = E, an irreducible rational cubic curve. These three contractible curves C F E would contradict ρ(S) = 2. If deg C = 6, the F would be an irreducible conic and H − F = F , or equivalently H = 2F . Squaring both sides gives H 2 < 0, a contradiction. Thus the degree of C must be 9 and the fixed component F must be empty. By [17] , the system is basepoint free. Blowing up C the gives a smooth weak Fano threefold X , which is our Case No. 98. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] , and thus Case No. 98 exists. Case No. 99: The arguments used as in the previous cases apply, but this case also appears in [10] . This case was shown to exist in [3] . Case No. 103: Let C ⊂ P 3 be a curve of genus 2 and degree 7. By [13] , C lies on a smooth quartic K3-surface S with ρ(S) = 2 and Pic(S) = ZH ⊕ ZC . Using short exact sequences, we can show that dim |4H − C | ≥ 6. Write |4H − C | = M + F as the sum of its fixed and movable components. Then dim |M| ≥ 6 and deg |M| ≤ 9. The linear system |M| is not a pencil since the degree of the pencil would have to be at least 18. Thus by Bertini's theorem, |M| contains a smooth irreducible curve C . By classification and [13] , the only possible choices for genus and degree of C are ( ) ∈ {(6 8) (7 8) (8 8) (9 8) (6 7) (7 7)}. If deg C = 8, after squaring both sides of 4H − C = F + C , we get 0 ≥ F · C = 7 − C , where positivity following from C being nef. This eliminates cases ( ) = ( 8 8) and (9 8). For the remaining cases, write F = H + C . When deg C = 8, F is a line with F 2 = 1. When deg C = 7, F is a smooth irreducible conic of the sum of two lines and thus F 2 = −2 or −4. Computing F · C F · C and F · H in all these remaining four cases and using these numbers to solve for and show that / ∈ Z, a contradiction. Thus M has degree 9 and F is empty. By [17] , the system is basepoint free. Blowing up C the gives a smooth weak Fano threefold X , which is our Case No. 103. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] , and thus Case No. 103 exists. It can be checked that the residual curve C of C is genus 6 and degree 9. Blowing up C the gives a smooth weak Fano threefold X , which is our Case No. 50. By classification, X is not Fano and does not appear on any of the lists of [10] or [11] , and thus Case No. 50 exists. Case No. 107: This case was shown to exist by the results of Cheltsov and Shramov in their upcoming paper [4] .
We separate this example from the rest due to the different methods used than those in the prior examples.
Proposition 2.11.
Case No. 111 on the E1-E1 Table 1 exists.
Proof. Let S ⊂ P 3 be a nonsingular cubic surface, the blow-up of P 2 at six general points (no three on a line, no six on a conic). Let the Picard group of S be generated by 1 6 , where is the pullback of a line in P 2 and 1 6 are the exceptional divisors. The intersection numbers between the generators of Pic(S) are 2 = 1, · = 0 for any = 1 6, and · = δ , where δ is the Kronecker delta. In S, consider the divisor
Since for any of the 27 lines L on S, C · L ≥ 0 and C 2 > 0. Thus by the theory of cubic surfaces, the linear system |C | contains an irreducible nonsingular member which we will also denote by C . The degree of any effective divisor D ∼ − on S as a curve in P 3 is 3 − , and the genus of D is ( − 1)( − 2)/2 − (1/2) ( 2 − ). Thus the degree and genus of C are 5 and 0 respectively in accordance with the given data. Let X be the blow-up of C in P 3 . Let S in X be the strict transform of the cubic surface S. Then S ∈ |3H − E| = | − K X − H|. Suppose Γ ⊂ X is a curve such that −K X · Γ ≤ 0. Then S · Γ < 0 since S ∼ −K X − H and thus Γ is contained in S. Now S ∼ = S, so write Γ ∼ −
. We now claim that Γ must be a line in the cubic surface S. To show this, it suffices to show that Γ 2 = 2 − 2 < 0, since the lines on a cubic surface are the only divisors with negative self-intersection. Starting with −K X · Γ ≤ 0, we rewrite this inequality as (4H − E) · Γ ≤ 0 or equivalently 4H · Γ ≤ E · Γ. Viewing the intersection on the right in S, we have 4 deg P 3 Γ ≤ C · Γ. This is equivalent to .
Since we now know that Γ is one of the possible 27 lines on a cubic surface, a simple check shows that the only curve which is −K X -trivial is the exceptional divisor 1 , with all other lines being −K X -positive. Since / 3 = 1, it is expected that there is only one flopping curve. Therefore X is a weak Fano threefold. Since this example is the only case on all tables with genus 0 and degree 5, this must be Case No. 111 on our table.
Remark 2.12.
The cases when X is the blow-up of a smooth curve on a smooth quadric Y ⊂ P 4 , i.e., Cases No. 44, 45, 46, 48, 70, 86, 88, 97, and 105 all exist. In addition, the cases when X is the blow-up of a curve on the smooth intersection of two quadrics, i.e., Cases No. 30, 34, 37, 41, 64, and 84, all exist. These and others are the subject of the paper [1] .
E1-E * case ( * = 2 3 4 5)
In this section, we classify cases of type E1-E2, E1-E3/E4 and E1-E5. The diagram (1) and all notations in the the previous section still apply. We assume that the left side of the diagram φ : X → Y is the E1-contraction and the right side φ + : X + → Y + is the E2,E3/E4-or E5-contraction. Since the a contraction of type E3 is numerically equivalent to a contraction of type E4, we will not distinguish between them in what follows.
Equations and bounds
As before, the goal is to use the relations in (6) to find Diophantine equations, find all solutions using a computer program, and then check their geometric realization. The first observation to note is that regardless of what the contraction φ + : X + → Y + is, we always have the following relation:
Using the known values in each case for E + E + in Theorem 1.3, we can easily see the above equality using adjunction as follows:
For each non E1-contraction, it is easy to show the following intersection numbers using similar reasoning as above [8, Lemma 4.1.6]:
Now, from the equalities
using (2), (3), and (5), we have the following system of Diophantine equations:
To run a computer program, we still have to compute the necessary bounds on α + and β + since Lemma 2.2 only applies if φ + : X + → Y + is an E1-or E2-contraction.
We first bound β + . From Proposition 2.6 it follows that β ∈ Z. Using (4), this becomes /β + ∈ Z, so |β + | ≤ . Using the last Diophantine equation above and the bounds for and computed in the previous section, we can now bound α + . Since σ > 0, we have
Rearranging the terms, and using the fact that |β + | ≤ , we have that α + (−K X ) 3 ≤ 156 + 16 = 172 and so using the lower bound on (−K X ) 3 , we have now shown Proposition 3.1. We need one more proposition: Proposition 3.2. (2) + αK X = βE is Cartier, so β ∈ Z. Case 2: φ is E3/E4 or E5. Let ψ be the flopping contraction. Then ψ restricted to E is a finite birational morphism. The linear system corresponding to the morphism ψ E is the subsystem of |−K X E | corresponding to the im-
For an E2-, E3/E4-or E5-contraction,
If φ : X → Y is an E2, E3/E4 or E5 type contraction, then α and β as in
. By Mori's Theorem 1.3 classifying extremal rays, we know that in the E3/E4 case,
and for the E5 case,
No proper subsystem of either of the complete linear systems associated to these sheaves gives a finite birational morphism, so
Thus ψ E is an embedding since −K X E = (1) is very ample. This implies the intersection of E with any flopping curve Γ must be transversal at a single point, i.e. E · Γ = 1.
is Cartier and since the index of X is 1 by assumption, α ∈ Z.
Existence of cases
With the equations and bounds above, we now can write a computer program to numerically classify links (1) with φ an E1-contraction and φ + of type E2, E3/E4 or E5. In our program we loop through the values of −K 3 X α + and β + . The values for all missing variables are then completely determined by the equation in the first section. The Diophantine equations now used are the ones in (11) . All the bounds of (−K X ) 3 , and still apply in the E1 case, and we use Propositions 3.1 and 3.2 to loop through α + and β + , which then completely determine both α and β.
To exhibit some of these cases geometrically, we use nonsingular del Pezzo surfaces S of degree = 3 4 5. These surfaces are blow-ups of P 2 at 9 − general points P 1 P 9− . Denote by the class of the pullback of a line on P 2 to S . Denote by the exceptional curves on S of the blow-up S → P 2 . Then and generate Pic(S) and there is a nonsingular curve linearly equivalent to a divisor D if and only if D · L ≥ 0 for every line L on S and D 2 = 0. The lines on S are the , the strict transforms ∼ − − of lines in P 2 passing through two of the blown up points P and P , and the strict transforms of conics in P 2 passing through five of the P − I. In the case S 4 , the strict transform of the unique conic through P 1 P 5 will be denoted by ∼ 2 − 5
=1
. On S 3 , ∼ 2 − = will denote the strict transform of the conic passing through all P with = .
E1-E2
Note that + , the index of the base of the E2-contraction, must be 1. If + = 2, then since −K X + = −K Y + + 2E + in this case, the index of X would be 2, which we already ruled out (assumption (vi)). If Y + had index 3 or 4, then X + would be Fano.
We have to be careful when applying our check on the preservation of Hodge numbers since only for the smooth E2 type contraction we can check that 1 2 is preserved under a flop. Since blowing up a nonsingular point does not change the Hodge number 1 2 , we now have to check that
After running the program and performing the aforementioned checks, there are only three solutions in the E1-E2 case. These can be found in Table 4 . All three of these solutions are well-known examples of smooth weak Fano threefolds with Picard number 2 and their existence is described in [20] . While their existence may have been previously known, the new result here is that these are the only three examples of contractions of type E1-E2.
E1-E3/E4
Numerically, the cases E1-E3 and E1-E4 are equivalent and so we will treat them as such. In the examples below, the link found is of type E1-E3. We have not found any links of type E1-E4. Since the Fano threefold Y + now has a singular point, we can not use any of the Hodge number checks as before. Running a computer program gives seven possible numerical cases which is Table 5 . We proceed case by case: Cases 1 and 2: The same exact argument as in Proposition 2.7 can be applied to eliminate these cases.
Case 3:
To eliminate this case, consider the short exact sequence:
So the long exact sequence of cohomology gives
Since we are in the E3/E4 case, 
The only curves which satisfy this inequality are 1 2 3 4 and 5 6 , where 5 6 is the strict transform of the line through P 5 and P 6 . For each of these curves, equality is attained, so X is a weak Fano threefold with five flopping curves since it is the result of contracting the flopping curves on S. The sheaf associated to χ 2 ( S), or equivalently the normal bundle of χ( S), is then P 1 ×P 1 ( ) for some integers and . Choosing a fiber in χ( S) not passing though any of the points of intersection of the flopping curves with χ( S), we see that = · χ( S). Since the flop χ restricted to S is just the blow-down of the five flopping curves, · χ( S) is preserved under the flop so to compute we will instead compute · S. Using the fact that S = 3H − E and ∼ − 5 , we can compute the intersection inside of the cubic surface S. Since H S ∼ 3 − and 6 , we obtain = · χ( S) = · S = −1. A similar calculation shows that = −1 and thus the normal bundle of χ( S) is P 1 ×P 1 (−1 −1), so X + has an E3-contraction with exceptional divisor χ( S). 
E1-E5
For the E1-E5 case, all the numerical possibilities are listed on Table 6 . We proceed case by case as before: The only curves which satisfy this inequality are 1 6 which are the strict transform of conics in P 2 passing through five of P 1 P 6 . For each of these curves, equality is attained, so X is a weak Fano threefold with six flopping curves with degree 3 and genus 0. We proceed using the techniques and notation of Case 3. We obtain ≤ 0, so X is a weak Fano threefold with six flopping curves 4 with degree 7 and genus 2. We proceed using the techniques and notation of Case 3. We obtain ≤ 0 so X is a weak Fano threefold with four flopping curves 
Non E1-E * cases ( * = 2 3 4 5)
In this section we assume φ : X → Y and φ + : X + → Y + are both either E2 E3/E4 or E5 contractions. The cases E3 and E4 are numerically equivalent, and thus we do not distinguish between them in what follows. We start the classification of these remaining divisorial type contractions with the following lemma. By Proposition 3.2, we know that α α + β, and β + are integers. We immediately obtain: Proof. Since β and β + are both negative integers and ββ + = 1 by (4), we must have β = β + = −1. Since α + βα + = 0, we get α = α + .
We now proceed to show which combinations of symmetric E2-E5 contractions can exist. Note first that by Theorem 1.3, a simple calculation shows that K X · E 2 = 2 for any contraction of type E2, E3/E4, or E5. Then
Since α = 0 by (2), we obtain
By symmetry, this formula also holds for φ + . That is, −K 3 Tables 7-9 .
To calculate the remaining numbers in our Tables 7-9 , we note the following formulas for −K 3 Y , again using Theorem 1.3:
E2-E2
In 
E3/E4-E3/E4
In Table 8 , when both contractions are of type E3/E4, both cases have been previously shown to exist. We make one remark regarding the second numerical case.
Remark 4.3.
Case 2: Consider a quartic threefold Y ⊂ P 4 with a single ordinary double point P ∈ Y . We focus on the birational involution τ on Y corresponding to projection from P. A general line in P 4 through P intersects Y at two additional points and τ interchanges those two points. We show τ induces a Sarkisov link of type II.
The indeterminacy of the projection π P : Y → P 3 from P is resolved by blowing up P. We obtain a smooth threefold X and double cover ψ : X → P 3 which coincides with the anticanonical morphism of X . A general Y contains 24 lines through P, so X is weak Fano with 24 flopping curves. The flop χ is the extension τ X of τ to X . Blowing up the flopping curves, we obtain a variety Z on which the extension τ Z of τ is regular. Thus χ is an Atiyah flop with the corresponding
.
E5-E5
The existence of the one numerical case of type E5-E5 in Table 9 remains open.
Tables
E1-E1
The following table is a list of all the numerical possibilities for the E1-E1 case, where and + are the index of Y and Y + in (1) respectively. All other notations can be found in (2) and (3). Due to space constraints, missing from the table are the values of α + and β + . Those can be determined from the given values of α and β using (4). There are 111 entries on the table: 13 proven not to exist, 54 proven to exist, and the existence of the remaining cases is unknown. These cases are denoted by the standard scientific notations "x", " :) ", and "?" respectively.
E1-E2
The following table is a list of all the numerical possibilities for the E1-E2 case, where is the index of Y in (1) . The index of Y + is always 1. All other notations can be found in (2) and (3). Due to space constraints, missing from the [1] table are the values of α + and β + . Those can be determined from the given values of α and β using (4). There are three entries on the table, all known to exist. Their geometric realizations are shown in Takeuchi's paper [20] .
E1-E3/E4
The following table is a list of all the numerical possibilities for the E1-E3/E4 case, where is the index of Y in (1) . The index of Y + can always be assumed to equal 1. All other notations can be found in (2) and (3). Due to space constraints, missing from the table are the values of α + and β + . Those can be determined from the given values of α and β using (4) . There are seven entries on the table, three which do not exist and four which are geometrically realizable. [7] 107. 14 40 40 2 −1 2 6 0 2 6 0 6 :) [4] 108. 14 54 18 2/3 −1/3 3 7 2 1 1 0 4 :) [7] 109. 
